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Mie Scattering by Optically Active Particles”

David J. Gordon

ABSTRACT: A method, based on classical Mie theory, is pre-
sented for calculating the effects of scattering on the circular
dichroism (CD) and optical rotatory dispersion (ORD) of
suspensions of optically active spherical particles. The method
is illustrated for model solid spheres with the known intrinsic
optical constants of a helical polypeptide. Significant size-
dependent effects of two types are predicted in the ultraviolet,
CD, and ORD spectra of this model. (1) Unequal scattering
of left and right circularly polarized light distorts these spec-

Ultraviolet circular dichroism (CD)! and optical rotatory
dispersion (ORD) have been widely applied as structural
probes of biological molecules and macromolecules in solu-
tion. In the past 5 years, these probes have been extended to
particulate systems, such as plasma membranes (Wallach
and Zahler, 1966; Lenard and Singer, 1966; Gordon er al.,
1969; Glaser et al., 1970), mitochondria (Urry et al., 1967,
Steim and Fleischer, 1967; Wrigglesworth and Packer, 1968),
and viruses (Maestre and Tinoco, 1967), with the goal of ob-
taining information about the structure of their component
macromolecules. In these studies, models of membrane or
virus structure were based on CD and ORD spectra without
full appreciation of the potentially significant effect of scat-
tering on these measurements; such effects were either ne-
glected or dismissed on the basis of inadequate experimental
tests.

Recent experimental studies (Ji and Urry, 1969; Urry
et al., 1970; Schneider et al., 1970) demonstrate that CD and
ORD measurements on particulate systems do in fact exhibit
substantial dependence on particle size, for sizes comparable
to or exceeding the wavelength of light. Such effects distort
the CD and ORD spectra and obscure their informational
content; from the biologist’s point of view, they are therefore
artifacts.

Experimental evidence alone is insufficient to unambigu-
ously distinguish information from artifact; for this purpose,
a quantitative theoretical understanding of the physical ori-
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tra and gives rise to substantial red shifts (e.g., 2-3 nm for
spheres of radius 0.03 u). (2) At wavelengths where absorp-
tion is high, the CD and ORD spectra exhibit flattening, which
is increasingly severe as particle size is increased. Similar
significant effects are also predicted for a spherical shell model.
Red shifts and distortions similar to those calculated here have
been observed experimentally in the CD and ORD of sus-
pensions of biological particles, such as membranes and vi-
ruses; scattering is a likely basis of these observed effects.

gins of the effect of particle size upon CD and ORD spectra
is essential. Previous theoretical calculations of these artifacts
(Urry and Ji, 1968; Ottaway and Wetlaufer, 1970; Gordon
and Holzwarth, 1971a; Glaser and Singer, 1971) have been
based on the absorption flattening formulation of Duysens
(1956), in which scattering is neglected, and on Rayleigh scat-
tering theory, which is valid only for particles much smaller
than the wavelength of light. As Schneider (1971) has indi-
cated, these treatments also share the fundamental flaw of
treating absorption and refraction as independent phenomena,
and not as the imaginary and real parts of a single complex
analytic function of wavelength. A calculation of the size-
dependent artifacts in the CD and ORD, based on classical
Mie scattering theory, in which these objections are removed,
is presented in the present paper.

In this paper, only suspensions of identical, discrete, opti-
cally active, spherically symmetric particles are considered.
It is assumed that the suspensions are sufficiently dilute that
the waves scattered by individual particles are not coherently
related ; multiple scattering effects are neglected. A scattering
matrix formulation of the Mie theory is applied to this model
to derive expressions for CD, ORD, optical density (OD),
and refractive index of a suspension from the corresponding
intrinsic spectral properties of the scatterers. The relative roles
of absorption and scattering in the calculated CD and OD
spectra are analyzed. The nature and magnitude of the size-
dependent artifacts predicted by the model are illustrated for
two simple spherical geometries: (1) the solid sphere, which
is perhaps a useful representation of viruses and other solid
particles of biological interest, and (2) the spherical shell,
which approximates the shape of a solvent-filled membrane
vesicle. For the solid sphere, CD, ORD, and OD spectra
are calculated for suspensions of several sizes of spheres hav-
ing the assumed optical properties of a synthetic helical poly-
peptide; substantial artifacts, not unlike those observed ex-
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perimentally by Urry et a/. (1970), are predicted. For the
spherical shell, the dependence of absorption and scattering
on shell radius and complex refractive index is sketched and
related to optical activity. Spectral calculations for a mem-
brane system with an assumed shell geometry (Gordon and
Holzwarth, 1971b) predict substantial CD and ORD distor-
tions which agree quantitatively with experimental curves.
The important computational methods and some sample
numerical results are provided in a brief appendix.

Mie Scattering Matrix for Optically Active Spheres

Mie’s scattering theory (Mie, 1908; van de Hulst, 1957b;
Kerker, 1969a) provides a solution of Maxwell’s equations
for a spherically symmetric particle in the field of a plane
electromagnetic wave. This theory is extended in this section
to yield expressions for the changes in intensity and phase of
a beam of left or right circularly polarized light transmitted
without change in direction by a suspension of optically ac-
tive, spherically symmetric particles. The differences in in-
tensity and phase between the two polarizations are measured
by CD and ORD; the averages of these quantities are mea-
sured by OD and refractive index. These changes in intensity
and phase of the light transmitted are the result of interference
between the incident wave and the waves scattered in the
direction of incidence by each particle.

The scattered wave arising from a spherical scatterer in an
oscillating electromagnetic field of arbitrary polarization is
most conveniently derived in the scattering matrix formalism
(van de Hulst, 1957a; Schnieder, 1971). In this formalism the
two mutually orthogonal components of the electric (or mag-
netic) field of the scattered wave orthogonal to its propaga-
tion vector are related to the corresponding components of
the incident wave by a 2 X 2 complex scattering matrix, S, as
follows

ez’k(z - 7)

E°= —---SE° )
ikr

where E® and E° are the electric field vectors of the scattered

S(¥) = 3(25114(1//) + 2S..(¢)

and incident waves, z is the propagation coordinate of the
incident wave, r is the distance between the point where E® is
measured and the center of the scatterer, and k is the wave
number of the radiation in the suspending medium.

In the absence of optical activity, the scattering plane, de-
fined as the plane which contains the propagation vectors of
the incident and scattered waves, is useful in choosing a basis
for S. If one takes E; as the component of E in this plane and
E, as the component orthogonal to this plane, the matrix S
relating E® to E%is diagonal and can be written as

Si(y) 0 >

2
0 Sa(y) @

S) = (

where ¥ is the angle between the propagation vectors of the
incident and scattered waves. The Mie theory gives the fol-
lowing expressions for S; and S (van de Hulst, 1957b)

s = 3 oontl

T {anma(cos ) + burfcos )} (3)
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= 2n+ 1
Sy = _—
W) n§1 nn + 1) {

anrA(c0s ) + boma(cos ¥)] (&)
where 7, and 7, are angular factors containing associated
Legendre polynomials, and a. and b, are complex coefficients
determined by the complex refractive index and detailed geom-
etry (e.g., simple sphere, spherical shell) of the scatterer. How
is the polarization of the scattered wave at angle y related
to that of the incident wave? Due to the nonequality of the
complex elements S, and S, of the diagonal scattering matrix,
these polarizations will generally differ, unless the incident
wave is polarized in a plane parallel or perpendicular to the
scattering plane. However, in the special case of scattering
directly forward (¢ = 0), in which symmetry precludes the
designation of a unique scattering plane, one obtains the
simplified result (van de Hulst, 1957b) that

S$1(0) = Sx0) = ; i @2n + Dia. + b)=S (5)

n=1

Thus, S(0) is a scalar, and there can be no difference in polari-
zation between the incident and forward-scattered waves.

An optically active particle is characterized by two slightly
differing complex refractive indices: s, for left circularly
polarized light (L), and mx for right circularly polarized light
(R). Scattering by such a particle is thus most conveniently
examined in a new basis set, consisting of the vectors for left
and right circular polarization (Schneider, 1971). The trans-
formation to this new basis from that used in the previous
paragraph is represented by

©-HE

Let Si(¥) and Su(y) indicate the matrix elements in eq 2
calculated from the complex refractive index of the particle
for left circularly polarized light; let Sir(¥) and Ser(y¥) simi-
larly indicate the matrix elements for right circularly polarized
light. The scattering matrix S, in the new circular basis is
then given by

Si@) + Sir(¥) — Say) — Sm(‘//)) )

Su(ll/)-i- Sir(¥) — Sa(¥) — Sar(¥) 2S:1r(¥) + 2S:r(Y)

In general the polarization state of the scattered wave is not
simply related to that of the incident wave. However, in the
special direction ¢ = 0, the off-diagonal components of S.
vanish. This implies that if an incident beam is left or right
circularly polarized, the forward-scattered wave is identically
polarized. Thus, the circular scattering matrix S.(0) in the
forward direction assumes the simple form

S.0) = (SL 0 ) (8)

where St and Sy are defined by eq 5 using the a. and b, cal-
culated for left or right circularly polarized light, respectively.

The characteristics of the light beam transmitted by an
optically active suspension are readily obtained by adding to
the incident wave the scattered wave at y = 0 derived by this
matrix (van de Hulst, 1957b), and multiplying by the num-
ber N of particles per unit volume

1 = Nrwk—*h Re{Sy — Sz} 9
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ér = Nmk=%h Im{Sy — Sz} (10
Ar = 2N7k~*h Re{Sy + Sk} (11
nr — 1 = Nrk—*Im{S. + Sx} (12)

where 61 and ¢r are the CD and ORD in radians, Ar is the
OD in base e, nr is the refractive index of the suspension
divided by that of the solvent, and h is the path length.

Equations 9-12 predict experimentally measurable prop-
erties of light passing through a suspension and reaching a
detector placed at Y = 0; they contain no information about
the portion of the incident light energy which is either ab-
sorbed or scattered at some non-zero ¥, and therefore never
reaches this detector. However, simple expressions for total
scattered intensity of left and right circularly polarized light
are readily obtained from the Mie theory by integrating S.(y)
over all y. (Symmetry requires that the off-diagonal compo-
nents of S, average to zero in this integration.) All incident
light energy not reaching the detector at ¢ = 0 which is not
accounted for by this integrated scattered intensity must be
ascribed to absorption.

The resolution of the total CD and OD signals into scatter-
ing and absorptive components is conveniently formulated
in a slightly modified notation. Let us define normalized cross
sections of scattering (¢s) and absorption (s4) as the respec-
tive fractions of radiant energy incident on the geometric
cross section of a single particle which are scattered at ¥ # 0
or absorbed. The sum of these two cross sections is denoted
by or and is termed the total extinction cross section. Mie
theory gives the following expressions for o, s, and ¢a (van
de Hulst, 1957b)

or = 4(kR)"?Re{S} =
2(kR)® fj (2n 4+ DRela. + b.} (13)

n=1

a,|? + |b.]?) 19

os = 2(kR)™*? i @n 4+ 1)
n=1

oA =01 — 0s (1%)

where R is the particle radius. The separate contributions of
scattering and absorption to the CD (65 and 44) and OD (45
and A4) of an optically active suspension, as well as the total
CD (1) and OD (A7), are compactly expressed in this cross-
sectional notation

fr = NaR* (o, — or,n)/4 (16)
0s = NwRh (0s... — 0gs.r)/4 an
s = O — 65 (18)
Ar = NnR% (011 + or.8)/2 19)
As = NmR% (05,1 + 0s.)/2 (20)
Ax = Ar — As (21)

The results of this section enable one to predict the spectral
properties of suspensions of optically active, spherically sym-
metric particles, provided that their intrinsic optical constants

and detailed geometry are known. The Mie cross section of
particles consisting of an inner sphere surrounded by a con-
centric shell may be caluclated from expressions for the scat-
tering coefficients a, and b. derived by Aden and Kerker
(1951). The application of the Mie theory to two simple ex-
amples of this geometry, the solid sphere and the spherical
shell, is illustrated in the next two sections.

The Solid Sphere

In order to establish quantitatively the magnitudes of Mie
scattering effects upon CD and ORD, the intrinsic optical
constants of the scatterer must be known or accurately esti-
mated. Fortunately these constants can often be obtained
from solution measurements of absorbance (A4...), refractive
index (M), circular dichroism (8s.1.), and optical rotation
(¢+o1n). For a particle of density p, the complex refractive
indices mw and my for left and right circularly polarized light
may be expressed in the following manner from optical mea-
surements on a solution of its components

my = n(]{l + P (nsoln - 1) -

4

P P .
VAson — soln T 0son 22
Dok T g B T ')} @2)

mp = nﬂ{l + e (nsoln - 1) -
c

. P P .
'—_Aso n T T \@Psoln T 050 n 23
12hck I hck(¢ : W )} @3

where A and ¢ are the path length and concentration of the
solution, and n, is the refractive index of the solvent. In these
equations, @sin and G, are expressed in radians, A, is
expressed in base e, and .1, is the real refractive index of the
solution divided by that of the solvent.

A model system in which the application of eq 22 and 23
is usefully illustrated is a hypothetical suspension of solid
spheres of an a-helical synthetic polypeptide, poly-L-glutamic
acid (PGA). This model is of interest for two reasons. First,
the ultraviolet optical properties of solutions of helical PGA
are similar to those of solutions of natural proteins of sub-
stantial a-helical content, such as those found in cellular mem-
branes. Second, aggregation-dependent changes in the ultra-
violet CD of solutions of PGA, presumably without confor-
mational changes, have been investigated experimentally
by Ji and Urry (1969) and by Urry et al. (1970). They found
that the CD of the PGA aggregates is shifted to the red by
2-3nm, and that its amplitude is flattened increasingly severely
as one scans to shorter wavelengths ; similar features have been
observed in the CD of cellular membranes. Thus, theoretical
calculations of aggregation-dependent CD changes in PGA
may be usefully compared to observed effects in PGA itself
and in systems of biological interest.

In order to carry out the Mie calculations on the PGA
sphere model, the following values are assigned to the param-
eters in eq 22 and 23. The optical properties A.oin, 8so1n, and
¢.01n are taken from published data (Urry et al., 1970; Urry
and Krivacic, 1970); these spectra are normalized to 4 =
0.1 cm and ¢ = 1.5 X 10~* g/cm?. It is assumed that p =
1.5 g/em?® (Urry and Krivacic, 1970). The refractive index,
ny, of the solvent, water, varies smoothly from 1.38 to 1.43
(International Critical Tables, 1930) over the spectral range
of interest (240-190 nm); little accuracy is lost by assuming
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FIGURE 1: Calculated CD of hypothetical suspensions of spheres
of helical PGA. The CD of molecularly dissolved PGA (R ~ 0),
taken from Urry er al. (1970), is shown for comparison. All curves
shown are for a PGA concentration of 1.5 X 10=4 g/cm® and a path
length of 0.1 cm. The density of solid PGA is taken to be 1.5 g/cm?;
the solvent refractive index is fixed at 1.4.

a constant n, = 1.40. The refractive index 71, of PGA solu-
tions has not been measured in the ultraviolet spectrum. For
simplicity, a constant value of n=1 + (p/c)(Meotn — 1) =
1.20 is assumed; the consequences of this assumption will be
brought out later in the discussion.

Ultraviolet optical activity spectra were calculated by eq 9
and 10 for this model system for three choices of radius. The
calculated CD is plotted, along with 6., (R~0Q), vs. vacuum
wavelength, A, in Figure 1; the corresponding ORD curves
are displayed in Figure 2. The CD and ORD spectra, which
are related by Kronig-Kramers transforms (Moffitt and Mos-
cowitz, 1959) at each value of R, exhibit substantial interde-
pendent scattering effects.

The CD and ORD spectra calculated for R = 0.03 ustrongly
resemble the respective solution spectra. However, it can be
seen that the peak and cross-over positions in both spectra
of this suspension are consistently red-shifted relative to their
positions in the solution curves. Furthermore, the suspen-
sion CD and ORD are both somewhat distorted in shape; the
enhancement of the long wavelength (225 nm) relative to the
short-wavelength (210 nm) CD trough should especially be
noted. The calculated CD is similar to that observed experi-
mentally for aggregated PGA by Urry et al. (1970), although
agreement is not quantitative, especially for A <200 nm.

QPTICAL ROTATION OF
PGA SPHERES n:1.20

T T !
IO“F R~0' -

¢, degrees

FIGURE 2: Calculated ORD of hypothetical suspensions of spheres
of helical PGA. The ORD of molecularly dissolved PGA (R ~ 0),
taken from Urry and Krivacic (1970), is shown for comparison.
All curves shown are for PGA concentration of 1.5 X 10¢ g/cm®
and a path length of 0.1 cm. The density of solid PGA is taken to be
1.5 g/em?; the solvent refractive index is fixed at 1.4,
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FIGURE 3: Absorptive and scattering contributions to calculated
CD of hypothetical suspensions of spheres of helical PGA. The
CD of molecularly dissolved PGA (R ~ 0), taken from Urry ¢r al.
(1970), is shown in the left frame for comparison. All curves shown
are for a PGA concentration of 1.5 X 107* g/cm?® and a path length
of 0.1 cm. The density of solid PGA is taken to be 1.5 g/cm?; the
solvent refractive index is fixed at 1.4.

As the PGA is collected into increasingly larger aggregates,
the calculated optical activity spectra change radically in
appearance. For R = 0.1 y, the calculated CD looks more
like the optical rotation ¢.., of the solution than like 6.,
correspondingly, the calculated ORD resembles —8.,., rather
than ¢..:.. This degree of distortion has been observed by
Urry et al. (1970) in the CD of aggregated Gramicidin S.
When R is further increased to 1.0 x, the CD and ORD are
both of extremely low amplitude and bear no obvious re-
semblance to either solution optical activity curve. Thus,
as the degree of aggregation is increased over two orders of
magnitude in radius, the predicted CD and ORD of a con-
stant concentration of PGA are distorted, at first mildly, but
finally beyond recognition.

What are the relative roles of absorption and scattering
in the calculated aggregation-induced changes in the CD (and
hence in its transform, the ORD) of helical PGA? One may
use eq 17 and 18 to separate the total CD (61) into a CD (6.)
due to unequal absorption of left and right circularly polarized
light and a CD (8s) due to unequal scattering of the two polari-
zations. In Figure 3, 64 and 6s for the same three particle
radii are plotted vs. wavelength.

The calculated 64 spectra in the left frame of Figure 3 may
be described as a series of curves, each resembling the CD
of PGA in solution (R ~ 0), but increasingly flattened in the
region of peptide absorption (peak at 190 nm) as R is made
larger. This flattening effect is in qualitative agreement with
predictions of absorption statistics (Gordon and Holzwarth,
1971a), based on Duysens’ (1956) theory, which neglects the
bending of light waves when a particle is encountered. This
model predicts that the efficiency of absorptive processes
progressively decreases as the absorbers are encountered in
increasingly larger and scarcer bunches. It should be noted,
however, that the more exact Mie calculations predict that 04
may actually be slightly enhanced at wavelengths where the
absorbance is small, presumably due to bending of light to-
ward the center of the particle.

The 65 spectra shown in the right frame of Figure 3 change
markedly with R, For R = 0.03 y, the 65 curve resembles
the ORD of PGA in solution, in qualitative (but not quantita-
tive) agreement with the predictions of a simple Rayleigh
model (Ottaway and Wetlaufer, 1970), in which absorption
by PGA is neglected. For R = 0.1 y, fs is much larger, and
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FIGURE 4: Calculated OD (true absorbance + turbidity) of hypo-
thetical suspensions of spheres of helical PGA. The absorbance of
molecularly dissolved PGA (R ~ 0), taken from Urry et al. (1970),
is shown for comparison. All curves shown are for a PGA concen-
tration of 1.5 X 10~¢ g/cm? and a path length of 0.1 cm; OD is in
base 10. The density of solid PGA is taken to be 1.5 g/cm?; the sol-
vent refractive index is fixed at 1.4,

there is less likeness to the solution ORD. The calculated 65
for 1 u spheres is flattened for similar reasons as 6., and bears
no resemblance whatever to the ORD of solutions of helical
PGA.

The calculated changes in the CD and ORD of helical PGA
in varying degrees of aggregation are now understandable.
Due to the rough proportionality of 64 to 6..n (and of the
transforms of 84 and s t0 ¢eo1a and —b.q1n, respectively), the
CD and ORD of suspensions are both mixtures of the CD and
ORD of the solution. The Kronig-Kramers relations require
that any single CD band must be accompanied by a biphasic
ORD curve which changes sign at the band center. In the
long-wavelength (red) wing of the ORD, the CD and ORD
have the same sign; in the short-wavelength (blue) wing, they
are of opposite signs. Therefore, the intermixture of ..., and
@50 in the CD and ORD of suspensions shifts each CD band
and its transform to the red. In addition, amplitude distor-
tions result not only from this intermixture, but also from
flattening of 6. and 6s (and their transforms); flattening dis-
tortions are seen to be especially severe for 1-u PGA spheres,
where kR>> 1.

The mean optical density expected for ideal PGA suspen-
sions of varying particle size can be analyzed under the same
set of assumptions by use of eq 19-23. The calculated spectra
of Ar (total OD) shown in Figure 4 tend, with the exception
of the extreme case (R = 1.0 u), to increase in amplitude at all
wavelengths as if from a change in base line, as the particles
are made larger. However, even as the optical density in-
creases, the Ar spectra become increasingly featureless with
increasing R; for R = 1.0 u, Ar is essentially independent of
wavelength. As was the case for CD, the calculated OD curve
for n = 1.20 and R = 0.03 u fits the observations of Urry
et al. (1970) for X >220 nm. The semiquantitative agreement
of the CD and OD calculated for spheres of 0.03-u radius
with the observed curves for aggregated PGA, suggests that
this geometric model may be a good representation of the
actual aggregates, subject of course to the validity of our esti-
mate of n.

Again, the separation of absorptive and scattering contri-
butions to the OD is most revealing. The “true” absorbance
Aa, plotted vs. wavelength in Figure 5, is increasingly de-
pressed in the region where PGA absorbs strongly, as the
particles are made larger. This effect is similar to that observed

CALCULATED ABSORBANCE OF PGA SPHERES
T T ‘ T ‘
n=1.20

T

OIBO 200 220 240
A,nm

FIGURE 5: Calculated “‘true’” absorbance (base 10) of hypothetical
suspensions of spheres of helical PGA. The absorbance of molecu-
larly dissolved PGA (R ~ 0), taken from Urry et al. (1970), is shown
for comparison. All curves shown are for a PGA concentration of
1.5 X 10~¢ g/em?® and a path length of 0.1 cm. The density of solid
PGA is taken to be 1.5 g/cm3; the solvent refractive index is fixed
at 1.4,

for 64 in Figure 3 but not as prominent, in accord with the
predictions of absorption statistics (Gordon and Holzwarth,
1971a). However, it should be pointed out that 4,4, like 8a, is
enhanced where PGA absorbs weakly; this effect is not pre-
dicted by theories with neglect scattering.

The scattering term As, for which no plots are displayed
here, varies little with wavelength at any given R. This fea-
turelessness is only a manifestation of the neglect of refrac-
tive index dispersion. This near-constant scattering term is the
cause of the apparent “base-line” shifts in Ar; the more mean-
ingful spectral flattening is derived from A.a.

At this juncture it is appropriate to discuss the consequences
of the choice of a constant mean real refractive index for the
PGA sphere. Refractive index calculations by Urry and Kriv-
acic (1970) for solid PGA, employing the Kronig-Kramers
transform of the PGA absorption spectrum and a background
term estimated from extrapolation of visible refractive index
data of acetic acid and dimethylformamide, indicate a plausi-
ble range for the parameter nn,. From these calculations and
the known dispersion of no, one may predict that the rela-
tive refractive index n varies between 1.2 and 1.35 over the
range 190 < \ < 240. In Figures 1-5 we have assumed that
n = 1.20. A parallel set of curves, calculated with n = 1.33,
compared in the following manner with those in the figures.
The absorptive spectra 64 and 44 for n = 1.33 differed little
from those shown for n = 1.20. However, the scattering terms
fs and As are changed in a manner similar to the effect of an
increase in R. Thus, the net effect of this increase in n is a
slightly more distorted CD spectrum (8r) and an overall in-
crease in optical density (4r). If the same curves are calcu-
lated for n varying with wavelength between 1.20 and 1.33,
the dispersion curve determines the shape of Ag, modifies
the shape of 6s, and affects the 6, and 44 curves hardly at all.
The effect of n on optical density is much greater than on cir-
cular dichroism.

The influence of mean real refractive index on these calcu-
lations is predictable in a rough qualitative way from the
known dependence of the Mie cross sections o1, os, and g4 of
spheres on the two parameters AR and m. Calculations for
absorbing spheres of varying refractive index show that plots
of a1 vs. the single parameter kR\m - 1\ are roughly super-
imposable, provided that |m — 1| < 1(van de Hulst, 1957c).
Thus, a change of refractive index results in a change in or
not unlike that due to a change in particle size. A change in
Re{m} manifests itself primarily through a change in os; a
change in Im{m} manifests itself primarily through a change
in ¢ga. The effect of raising » from 1.20 to 1.33 is therefore
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FIGURE 6: Mie cross sections of an optically thin (kA = 0.5), absorb-
ing spherical shell as functions of shell radius. A numerical tabula-
tion of these same cross sections is provided in the Appendix as
Figure 8.

roughly equivalent to that of a 657 increase in kR in the cal-
culation of as.

In addition to the PGA sphere results reported above, pre-
liminary scattering calculations have been carried out for
another biologically interesting case, the DNA sphere, in
the spectral region 220 nm < A < 320 nm. If one calculates
by Mie theory the CD and ORD of a homogeneous sphere of
calf thymus DNA (S. Wooley, 1971, unpublished data), with
a density of 1 g/cm?® and an assumed mean real refractive in-
dex of 1.20, one obtains red shifts and distortions in both
spectra similar to those described for PGA spheres. For R =
0.05 u the CD and ORD bands appear to be red shifted by =3
nm from their positions in the solution spectra; for R = 0.10 u,
the red shifts are as great as 10 nm. Thus, scattering effects
are likely to play an important role in the CD and ORD of
virus particles of dimensions comparable to these. Maestre
and Tinoco (1967) have observed in several examples of bac-
teriophage that the ORD of the intact phage is red shifted
relative to the ORD of free DNA, and that these red shifts
are eliminated by osmotic lysis of the phage. The observed
dependence of these shifts on phage size and the resemblance
of the ORD difference curves for intact vs. lysed phage to the
negative of a CD spectrum of DNA strongly suggest that these
shifts may be due (at least in part) to scattering. Red shifts
which have been reported by Shih and Fasman (1971) in the
CD of nucleohistone complexes may also originate in part
or in full from scattering. Although further experimental
work is necessary in order to quantitatively delineate the role
of scattering in these systems, a note of caution is warranted,
nonetheless. One is ill advised to base any hypothesis about
local environment in a particulate system upon the observa-
tion of aggregation-induced red shifts in CD and ORD, with-
out first allowing for the effects of scattering.

The Spherical Shell

The ultraviolet optical activity of cellular membranes has
received much attention during the past 5 years. An easily
prepared and frequently studied experimental system is the
red blood cell “ghost,” in which hemoglobin has been
replaced by a transparent solvent. The hollow “biconcave
disk™ shape of the red cell membrane may be approxi-
mated by a spherical shell of thickness A = 70 A and
radius R = 3.5 y; detailed spectral calculations for this
model (Gordon and Holzwarth, 1971b), similar to those
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FIGURE 7: Mie cross sections of a large (kR = 150), optically thin
(kA = 0.5) spherical shell as separate functions of imaginary (left
frame) and real (right frame) refractive index.

of the previous section for PGA spheres, are not reported
here. The discussion below is confined to the depen-
dence of or, os, and ¢ for membrane-like spherical shells
on size and complex refractive index m, the implications of
these considerations for circular dichroism calculations are
emphasized. Although optical rotation will not be discussed
explicitly, it is implicit that all effects predicted for CD must
be accompanied by corresponding effects in its Kronig-Kram-
ers transform, the ORD.

The Mie cross sections of spherical shells are functions of
four parameters: kA, kR, n = Re{m}/ny, and nc = —Imim!}|
no. The shell thickness parameter kA is fixed at 0.5, a reason-
able approximation for membranes in the ultraviolet spec-
trum. The separate dependence of or, o5, and o4 on the re-
maining three parameters is shown in Figures 6 and 7.

The dependence of the Mie cross-sections on kR for n =
1.20 and s« = 0.12 is shown in Figure 6. It can be seen that
all three curves have steep positive slopes at small values of
kR but level off sharply at high ¥R. Similar curves for other
fixed values of # and s« all show this type of dependence on
kR. Note that this leveling tendency differs from the well-
known asymptotic behavior of the cross sections of large
solid spheres. For a solid sphere of fixed complex refractive
index m # 1, the cross-section ¢r invariably approaches 2
as kR — . For spherical shells, the cross-section ¢ also
approaches a limit as kR — «, but the limiting value of v
depends on the thickness and complex refractive index of the
shell. This limiting behavior for spherical shells is due to the
fact that when R >> A and kR >> 1, the shell, over most of its
geometric cross section, appears to be two thin scattering sur-
faces separated by many wavelengths. An increase in radius
of such a shell has little effect other than to increase the geo-
metric cross section and to further separate the two surfaces;
thus, there is little change in or, o5, and ¢a. This relative in-
sensitivity to AR of large shells is useful for spectral calcula-
tions on large membranes like the red cell ghost (kR = 150).
Because of this property, statistical distribution of radii and
moderate nonsphericity of the shells are likely to be of little
significance in suspensions of large membrane vesicles.

The optical activity of suspensions in the Mie model arises
from the variations in the calculated cross sections with slight
changes in m, as between left (1) and right (R) circular polari-
zation. It is good general assumption that }mx, - mﬁ,‘ < me +
mr — 2[ ; one can therefore write the following Taylor expan-
sions (Schneider, 1971)

TA Dm
caL — gan = —(mn ny) -+ —— (ALK, —

- D (24
on O(nk) rukn)  (24)
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os,L — Os,r = gi—‘S(’IL ng) + Eg‘s_(nLKL — npxr) (25)

on - O(nk)

The absorptive CD (84) is proportional to oa,. — oa.r; the
differential scatter (fs) is proportional to os,. — os.r. Thus, 84
and 65 are each broken down into a term proportional to the
intrinsic ORD (n — nz) and another term proportional to
the intrinsic CD (nikr — ngkw) of the shell material. Since
the intrinsic shell CD and ORD are of comparable magnitude,
the partial derivative coefficients determine the relative weight
of these two terms in s and 84. By calculating os and oa of
shells of fixed radius and thickness for several choices of n
and nk, and then plotting the results, one can display these
partial derivatives as functions of n and nk, insight can thus
be gained into the manner in which the optical activity of a
suspension of shells is derived from the optical activity of the
shell substance.

Representative plots of o4, o5, and their sum or for a mem-
brane-like shell (kA = 0.5, kR = 150) vs. nx and vs. n are dis-
played in Figure 7. In the former plot » is fixed at 1.20; in the
latter plot nk is fixed at 0.12. One can make the following ob-
servations about the partial derivatives in eq 24-25. First, oa
is quite insensitive to n, and o5 is quite insensitive to nx over
the ranges shown. One then may write that Ocs/On = Oos/
O(nk) = 0. Thus, the intrinsic shell CD dominates the 8, term
of the suspension CD, and the intrinsic shell ORD dominates
the 85 term of the suspension CD. One can also observe in
Figure 7 and in similar plots for other fixed values of n and n«
that Ooa/O(nk) decreases with increasing n«, and that dos/On
increases as n goes from 1.0 to 1.2 but remains quite constant
for 1.2 < n < 1.5. The former observation is consistent with
the absorption flattening arguments previously referred to.
The observation that Ocs/On does not vary steeply with »
facilitates Mie calculations of CD and ORD in suspensions
of shells with unknown n. (It must be noted that o5 itself in-
creases substantially with », so that, unlike 65, the calculated
mean turbidity As is strongly influenced by choice of n.) Mie
cross sections for kA = 0.5 and kR = 150 were also evaluated
for various n with nx fixed at 0.00 and 0.24, and for various
nk with n fixed at 1.33. The calculations showed that Oga/
O(nx) tends to decrease slightly with increasing » and that
Oos/On tends to decrease slightly with increasing sx.

One may predict from the considerations of this section
that the CD of a suspension of large, thin spherical shells is
the sum of an absorptive component roughly proportional
to the intrinsic CD of the shell substance and a scattering
term roughly proportional to the intrinsic shell ORD. Con-
sequently the ORD of such a suspension is the sum of a term
(the transform of 44) resembling the shell ORD and another
term (the transform of fs) resembling, but opposite in sign to,
the shell CD. The calculated optical activity of large, thin
shells is not expected to be strongly sensitive to shell radius
or mean real refractive index. These predictions are borne out
by calculations on red cell ghost suspensions (Gordon and
Holzwarth, 1971b) and are similar to results calculated in the
preceding section for small (R = 0.03 u) solid spheres.

Conclusions

(1) Application of Mie scattering theory to circularly
polarized light yields expressions for CD and ORD, as well
as mean OD and refractive index, of suspensions of optically
active, spherically symmetric particles. These expressions are
readily evaluated for solid spheres and spherical shells. (2)
The calculated CD and ORD of suspensions of particles of
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FIGURE 8: Computer tabulation of Mie cross sections of spherical
shells of several radii, with kA = 0.5 and m = 1.20-0.12/. These
data are also displayed graphically in Figure 6.

radius comparable to or greater than /2 differ substantially
from the corresponding spectra of a solution of their molec-
ularly dispersed components. However, the Kronig-Kramers
transforms relating CD to ORD (and OD to refractive
index) are invariant to aggregation. (3) Unequal scattering
of left and right circularly polarized light contributes an ORD-
like term to the CD of suspensions, and a negative CD-like
term to their ORD. Substantial size-dependent red shifts arise
from this mixing of CD and ORD in particulate systems. (4)
At wavelengths or particle sizes for which the extinction cross
section is large, the calculated CD and ORD curves are flat-
tened. Duysens’ ‘‘absorption flattening” is the qualitative
counterpart of this prediction. (5) Red shifts and distortions
comparable to those observed experimentally in the CD and
ORD of suspensions of biological particles (e.g., red cellghosts,
T2 phage) are calculated by Mie theory for spherical models
of these particles. Scattering effects of the sort calculated here
are a likely source of these observed anomalies.

Appendix

Mie Scattering Computations. The primary object of the
Mie theory as applied in this paper is to calculate the cross
sections of extinction (¢1), scattering (os), and absorption (o)
of compound spheres (two examples of which are the solid
sphere and the spherical shell), from which the circular di-
chroism and optical density of suspensions of such particles
are readily derived. These cross sections were numerically
evaluated on a digital computer; double precision (16 sig-
nificant figures) complex arithmetic was employed. Results
obtained by the author’s program were checked for accuracy
against independent calculations for dielectric spheres (Gum-
precht and Sliepcevich, 1951), absorbing spheres (Chromey,
1960), coated dielectric spheres (Kerker ef al., 1962), and hol-
low absorbing shelis (L. Battan and B. Herman, 1971, personal
communication). In every instance full agreement was ob-
tained. A computer listing of some sample numerical results
for hollow absorbing shells is provided in Figure 8.

The Mie cross sections are evaluated by eq 13-15. The
complex scattering coefficients a. and b, in these equations
are ratios of 4 X 4 determinants containing spherical Bessel
functions (j.), spherical Hankel functions of the second kind
(1), and their derivatives (Aden and Kerker, 1951; Kerker,
1969b). Although the calculations are mostly straightforward,
some features are sufficiently troublesome to warrant dis-
cussion. These may be grouped under three headings: (1)
evaluation of j. and 4., (2) choice of a suitable form for ex-
pressing a, and b., and (3) convergence of summations.

419

BIOCHEMISTRY, voL. 11, No. 3, 1972



(1) The spherical Bessel and Hankel functions obey well-
known recursion formulas (Abramowitz and Segun, 1965),
upon which their calculation is based. A recursive calcula-
tion may be carried forward from low to high orders or back-
ward from high to low orders. In numerical computations
of j. and h., where rounding errors are inevitable, the choice
of recursion direction is critical. The Bessel function j, must
always be computed by backward recursion; recursion in the
forward direction leads to exponential accumulation of error.
The choice of recursion direction for /., depends upon its
argument x. When x is real, the real and imaginary parts
of h.(x) must be computed separately ; backward recursion is
used to compute Re{hn(x)}, and forward recursion is used
to compute Im {hn(x)}. When x is complex, the function /,(x)
is computed by forward recursion. (2) When one is dealing
with large absorbing compound spheres, one should avoid
the substitution of Neumann functions for Hankel functions
in the determinants for a, and 4., as in Kerker’s (1969b) eq
5.1.27 and 5.1.28. Although a. and b, are correctly expressed
by the ratios in these equations, the numerators and denomina-
tors all approach zero in absorbing particles for which AR
and k(R — A) are large. The altered equations are therefore
computationally unsuitable in such cases. (3) Convergence
of the summations in eq 13-14 is readily obtained to 16 sig-
nificant figures. Although there is no systematic decreasing
tendency in the lower orders of a, and 4., the coefficients a,
and b, decay rapidly with increasing order » when » surpasses
kR. Thus, a number of terms not greatly exceeding AR is gen-
erally sufficient to give the required convergence.
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